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The momentum distribution and dynamical structure factor in a weakly interacting Bose gas
with a time-dependent periodic modulation in terms of the Bogoliubov treatment are investigated.
The evolution equation related with Bogoliubov weights happens to be a solvable Mathieu equation
when the coupling strength is periodically modulated. An exact relation between the time deriva-
tives of momentum distribution and dynamical structure factor is derived, which indicates that the
single-particle property strongly related to the two-body property in the evolutions of Bose-Einstein
condensates. It is found that the momentum distribution and dynamical structure factor cannot
display periodical behavior. For stable dynamics, some particular peaks in the curves of momen-
tum distribution and dynamical structure factor appear synchronously, which is consistent with the
derivative relation. However there is no evident corresponding peaks in the unstable dynamics.
I. INTRODUCTION
Ultracold atom gases provide pure and precise plat-
forms to study the physics of many-body systems. The
theoretical and experimental advances of ultracold atom
gases in a driven potential have unprecedentedly influ-
enced on the understanding of dynamical behaviors of
many-body systems [1, 2]. Recently, Atas et al. have in-
vestigated the dynamics of Tonks-Girardeau gas in a har-
monic potential with a time-dependent frequency. They
have proved that the solution to this problem can be
mapped into the Mathieu equation [3]. As is well-known,
it is impossible for Tonks-Girardeau gas to emerge Bose-
Einstein condensation due to the strong interaction of
the one-dimensional Bosons. For the weak-interacting
Bose gas, Arnal et al. have analyzed the micromotion
of one-dimensional Bose-Einstein condensates (BEC) in
a periodically driven potential [4]. Balazˇ and Nicolin
have found Faraday waves in binary nonmiscible BEC
and inhomogeneous BEC in a periodically driven radial
potential, respectively [5–7].
Ultracold atom gases with a time-dependent interac-
tion have also attracted much attention from physicists
since the Feshbach resonance enables us to arbitrarily
tune the magnitude of interaction between atoms even
the sign of scatter length which describes the property
of interaction [8]. Vidanovic´ et al. investigated the non-
linear dynamics of BEC induced by a harmonic modula-
tion of the interaction, and found resonant effects in col-
lective oscillation modes by numerical simulation of the
Gross-Pitaevskii equation [9]. Recently, collective emis-
sion of matter-wave jets resembling fireworks has been
observed in BEC with periodically modulated coupling
strength [10, 11], which was excellently explained in the-
ory by Wu and Zhai [12]. The above significant experi-
mental observation and its theoretical explanation stimu-
late us to study dynamics in a interacting Bose gas with
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a periodic modulation. In this paper, we employ Bo-
goliubov treatment developed by Martone et al. [13] to
analytically investigate the dynamics of the weakly in-
teracting Bose gas with a time-periodic coupling. We
find that the evolution equation related with Bogoliubov
weights happens to be a solvable Mathieu equation when
the coupling strength is periodically modulated. We de-
rive analytical time-evolution expressions of momentum
distribution and dynamical structure factor. More inter-
estingly, we find there is a specific relation between the
derivatives of these two quantities. We demonstrate the
evolution of the two quantities cannot display periodical
behavior. We also show stable and unstable dynamics
when the characteristic relations of the Mathieu equa-
tion are broken.
The rest of this paper is organized as follows. In section
II, we briefly introduce the Bogoliubov treatment, and
the time-dependent harmonic oscillator method which
is used to calculate the time-propagated Bogoliubov
weights. In section III, we focus on the dynamical
equation of evolution function related with Bogoliubov
weights, which is the key equation of the whole theory.
The equation of evolution function with a cosine-varied
coupling constant is found to be Mathieu equation. We
derive the expressions of momentum distribution and dy-
namical structure factor and a relation between their
derivatives. And then, we show the different kinds of
time evolutions of momentum distribution and dynamical
structure factor in section IV, ie., the stable and unstable
dynamics with the choices of particular experimentally-
modulated parameters. A brief summary is given in sec-
tion V.
II. BOGOLIUBOV TREATMENT FOR
EVOLUTION EQUATION
Martone et al. developed the Bogoliubov treatment
and then calculated three exactly solvable models includ-
ing steplike coupling, Woods-Saxon coupling and modi-
2fied Po¨schl-Teller coupling [13]. In this section, we briefly
introduce the Bogoliubov treatment and time-dependent
harmonic oscillator method.
For a weakly interacting uniform Bose gas, after Bo-
goliubov approximation, the Hamilton is
H = E0 +
∑
k 6=0
(ǫk + g(t)ρ)a
†
k
ak +
g(t)ρ
2
∑
k 6=0
(a†
k
a†−k + aka−k),
(1)
where E0 is mean-field ground energy, ǫk = h¯
2k2/2m.
g(t) represents time-dependent coupling strength, which
is proportional to scatter length. Then we can obtain
Heisenberg equation of ak, a
†
−k from H ,
ih¯
d
dt
(
ak
a†−k
)
=
(
ǫk + g(t)ρ g(t)ρ
−g(t)ρ −(ǫk + g(t)ρ)
)(
ak
a†−k
)
.
(2)
Introduce Bogoliubov transformation, ak = uk(t)bk +
vk(t)b
†
−k, where
uk(t)±vk(t) =
[
ǫk
h¯ωk(t)
]±1/2
, (h¯ωk(t))
2 = ǫk(ǫk+2g(t)ρ).
(3)
Define A = (ak, a
†
−k)
T , B = (bk, b
†
−k)
T . The connec-
tion of the two operators is
Ak(t) =W(t, t0)Bk(t0), (4)
where evolution matrix W(t, t0) is expressed as
W(t, t0) =
(
U(t, t0) V
∗(t, t0)
V (t, t0) U
∗(t, t0)
)
. (5)
In order to calculate the Bogoliubov weights U(t, t0)
and V (t, t0), we define harmonic operators
qk =
1
k
(ak + a
†
−k), (6)
p−k =
h¯k
2i
(ak − a
†
−k). (7)
Using the harmonic operators to rewrite Hamiltonian (1),
we find that qk, p−k obey the dynamical equations
q˙k =
p−k
m
, (8)
p˙−k = −mω
2
k(t)qk. (9)
The solutions to the above equations for given initial con-
ditions qk(t0) and p−k(t0) may be expressed as
qk(t) = γ1(t, t0)qk(t0) +
γ2(t, t0)
mǫk/h¯
p−k(t0), (10)
p−k(t) = mγ˙1(t, t0)qk(t0) +
γ˙2
ǫk/h¯
p−k(t0). (11)
After a few calculation, we find that the Bogoliubov
weights and the evolution functions γ1, γ2 satisfy the fol-
lowing relations:
U(t, t0) + V (t, t0) =
√
ǫk
h¯ωk(t0)
γk(t, t0), (12)
U(t, t0)− V (t, t0) =
√
h¯ωk(t0)
ǫk
γ′k(t, t0), (13)
where
γk(t, t0) = γ1(t, t0)− i
h¯ωk(t0)
ǫk
γ2(t, t0), γ
′
k(t, t0) =
iγ˙1(t, t0)
ωk(t0)
.
(14)
The evolution function γk fulfills the equation,
γ¨k + ω
2
k(t)γk = 0. (15)
with initial conditions
γk(t0, t0) = 1, γ˙k(t0, t0) = −iωk(t0). (16)
Equation(15) is the key equation to the dynamical theory.
The initial condition (16) can be derived from (10), (11)
and (14).
The expressions of momentum distribution nk(τ) and
the dynamical structure factor S(k, τ) are
nk (τ) = |Vk(τ)|
2 +
(
|Uk(τ)|
2 + |Vk(τ)|
2
)
Nk (0) , (17)
S(k, τ) =
h¯ωk
ǫk
|Uk(τ) + Vk(τ)|
2
S (k, 0) , (18)
where
Nk(0) = 〈b
†
k
(0)bk(0)〉, (19)
S(k, 0) =
ǫk
h¯ωk
[2Nk(0) + 1]. (20)
Bose gas is initially at thermal equilibrium state. Nk is
the Bose-Einstein distribution,
Nk(0) =
1
eh¯ωk(0)/kBT − 1
. (21)
III. THE DYNAMICS WITH PERIODIC
MODULATION
In this section, we will calculate (15) in the case of
the periodic modulation and show the evolution of the
momentum distribution and dynamical structure factor.
Let g(t) = g0 cosΩt, where g0 is a time-independent
constant. Equation(15) becomes
d2γk
dτ2
+ (λ− 2q cos 2τ)γk = 0, (22)
where
τ = Ωt/2, λ =
4ǫ2k
Ω2h¯2
, q = −
4ρg0ǫk
Ω2h¯2
. (23)
3Equation (22) is known as the canonical form of Math-
ieu equation. The Mathieu equation have periodic, sta-
ble and unstable solutions. The condition of periodic
solutions is that the parameters λ and q satisfy a se-
ries of characteristic relations [14–16]. Stable and unsta-
ble regions separated by these characteristic relations are
shown in Fig. 1.
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FIG. 1. Stable and unstable diagram of Mathieu equation. Each ai
(i = 0, 1, 2, ...) is a eigenvalue of even periodic solution of Mathieu
equation cei (dashed line). Any curve of eigenvalue bj(j = 1, 2, ...)
corresponds to the odd periodical solution sej (solid line). The
stable and unstable solution of the Mathieu equation correspond
to the blank areas and shaded areas, respectively.
Suppose y1k(τ) and y2k(τ) are two linearly indepen-
dent solutions to (22) with the condition when τ = 0,
y1k(0) = 1, y˙1k(0) = 0;
y2k(0) = 0, y˙2k(0) = 1.
(24)
The y˙1k(τ) and y˙2k(τ) are derivatives with respect to τ .
One could demonstrate that y1k(τ) is even function and
y2k(τ) is odd. From (22) and (24), we obtain a relation
y1k(τ)y˙2k(τ)− y˙1k(τ)y2k(τ) = 1. (25)
General solution to (22) can be expressed as
γk(τ) = Ay1k(τ) +By2k(τ), (26)
where A and B are unknown constants. We deter-
mine A = 1, B = −2iωk/Ω with ωk = ωk(0) =√
ǫ2k + 2g0ρǫk/h¯ by the initial condition (16). So the ex-
pressions of γk(τ) and γ
′
k(τ) are
γk(τ) = y1k(τ)− i
2ωk
Ω
y2k(τ), (27)
γ′k(τ) = y˙2k(τ) + i
Ω
2ωk
y˙1k(τ), (28)
respectively. We derive the expressions of U(τ) and V (τ)
from (12) and (13),
Uk(τ) =
1
2
√
ǫk
h¯ωk
[(
y1k(τ) +
h¯ωk
ǫk
y˙2k(τ)
)
−i
(
2ωk
Ω
y2k(τ) −
h¯Ω
2ǫk
y˙1k(τ)
)]
,
Vk(τ) =
1
2
√
ǫk
h¯ωk
[(
y1k(τ) −
h¯ωk
ǫk
y˙2k(τ)
)
−i
(
2ωk
Ω
y2k(τ) +
h¯Ω
2ǫk
y˙1k(τ)
)]
.
(29)
Substituting (29) into (17) and (18), and considering
condition (25) we obtain
nk(τ) =
1
4
ǫk
h¯ωk
[1 + 2Nk(0)]
[
n1k(τ) +
4ω2k
Ω2
n2k(τ)
]
−
1
2
,
(30)
S(k, τ) =
[
y21k(τ) +
4ω2k
Ω2
y22k(τ)
]
S(k, 0), (31)
where
n1k(τ) = y
2
1k(τ) +
h¯2Ω2
4ǫ2k
y˙21k(τ),
n2k(τ) = y
2
2k(τ) +
h¯2Ω2
4ǫ2k
y˙22k(τ).
(32)
Equations (33) and (34) indicate that the shapes of evo-
lution curves of nk(τ) and S(k, τ) are not affected by the
detailed expressions of Nk(0) and S(k, 0). Therefore, we
just need to consider the case of zero temperature at ini-
tial time. Considering Nk(0) = 0 and S(k, 0) = ǫk/h¯ωk,
we achieve
nk(τ) =
1
4
ǫk
h¯ωk
[
n1k(τ) +
4ω2k
Ω2
n2k(τ)
]
−
1
2
, (33)
S(k, τ) = y21k(τ) +
4ω2k
Ω2
y22k(τ). (34)
Introducing ε0 = h¯Ω/2 and considering λ and q in (23),
we can express equations (33) and (34) as
nk(τ) =
1
4
√
λ
λ− 2q
[n1k(τ) + (λ− 2q)n2k(τ)]−
1
2
, (35)
S(k, τ) = y21k(τ) + (λ− 2q)y
2
2k(τ), (36)
with
n1k(τ) = y
2
1k(τ) +
1
λ
y˙21k(τ),
n2k(τ) = y
2
2k(τ) +
1
λ
y˙22k(τ).
(37)
4Comparing the derivatives of nk(τ) and S(k, τ) respect
to time in (35) and (36), and considering Mathieu equa-
tion (22), we derive a concise relation
n˙k(τ) =
q cos 2τ
2
√
λ(λ − 2q)
S˙(k, τ). (38)
This is the main result in the present work. This rela-
tion implies that the extreme values of nk(τ) and S(k, τ)
emerge at same time except τ = (2n + 1)π/4, n =
0, 1, 2..., which originate from the periodical modulation
g = g0 cos 2τ .
In general many-body systems, there is no direct re-
lationship between the properties of single particle and
two-body correlation. However, in Bose-Einstein conden-
sates, they are strongly related to each other [22]. Our
result indicates that, for evolutive Bose-Einstein conden-
sates, single-particle property (momentum distribution)
strongly relate to two-body correlation (dynamical struc-
ture factor). This phenomenon will be shown in the next
section.
IV. EVOLUTION CURVES OF nk(τ ) AND S(k, τ )
The Mathieu equation has a property that for each
characteristic value, there is only one periodical solution.
Therefore, it is impossible for y1k(τ) and y2k(τ) to be
periodic solutions simultaneously. In other words, nk(τ)
and S(k, τ) have no strictly periodic behavior. Thus we
will discuss the stable and unstable dynamics in this sec-
tion.
A. Stable dynamics
We consider the stable dynamics by taking parameters
λ = 2 and q = 0.1 in the blank region of Fig.1. By
numerically solving the Mathieu equation with the ini-
tial condition (24), we obtain y1k(τ) and y2k(τ). Then
we calculate the momentum distribution and dynamical
structure factor with the consideration of (35) and (36).
The results are shown in Fig.2.
We observe that some peaks in the curves of momen-
tum distribution and structure factor appear at same
time. In other words, these peaks are synchronous. In
particular, these synchronous peaks are not located in
τ = (2n+ 1)π/4, which is consistent with (38).
B. Unstable dynamics
We consider the stable dynamics by taking parameters
λ = 1 and q = 0.1 in the shadowed region of Fig.1. By
numerically solving the Mathieu equation with the ini-
tial condition (24), we obtain y1k(τ) and y2k(τ). Then
we calculate the momentum distribution and dynamical
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FIG. 2. The stable dynamics for λ = 2, q = 0.1. The peaks of
momentum distribution and dynamical structure factor syn-
chronously emerge except τ = (2n + 1)pi/4, n = 0, 1, 2, ...,
which shows a strong relation of one-body property and two-
body correlation.
structure factor with the consideration of (35) and (36).
The results are shown in Fig.3.
Even in a weak-interacting Bose gas, as the system
evolves with time, the momentum distribution and struc-
ture factor become larger and larger. It can be analogous
to Faraday wave emerged in real space of Bose-Einstein
condensation [23–26]. The peaks are growing in expo-
nential form because of the emergence of parametric res-
onances [3]. Such exponential growth can also be found
in time-dependent Bogoliubov theory in [12].
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FIG. 3. The unstable dynamics for λ = 1, q = 0.1. The evolv-
ing dynamical structure factor and momentum distribution are all
exponentially increasing. The evolving dynamical structure fac-
tor have evident peak structure, while the momentum distribution
become flat at τ = (2n + 1)pi/4.
Unlike the case of stable dynamics, although the dy-
namical structure factor have evident peak structure,
however, the momentum distribution have no such ev-
ident peaks. This makes us observe synchronous evolu-
tions difficultly.
5V. CONCLUSION
In this paper, we analytically show that the time evo-
lution of momentum distribution nk(t) and dynamical
structure factor S(k, t) in a periodical modulation of
weak Bose gas. With the cosine-modulated interaction
of the system, the evolution equations become Mathieu
equations which have three-type solutions, namely three-
type dynamics. However, we note that it is impossible to
emerge periodical dynamics of momentum distribution
and dynamical structure factor.
We derive an exact relation between the derivatives of
momentum distribution and dynamical structure factor
in periodic modulation. We show that the stable dy-
namics with the amplitudes of nk(t) and S(k, t) remain
finite. It is found that some peaks of momentum distri-
bution and dynamical structure factor are synchronous,
which is agreement with the derivative relation. It in-
dicate that momentum distribution(single-particle prop-
erty ) strongly related to dynamical structure factor (two-
body correlation) in evolving Bose-Einstein condensates.
The unstable dynamics of Bose gas, similar to the in-
stability of classical liquid interface, can also emerge the
Faraday waves [27]. We find the unstable dynamics which
have no evident synchronous peak structure of momen-
tum distribution and dynamical structure factor. The
increasing peaks possess exponential behavior. Very re-
cently, Cheng and Shi have found that the SU(1,1) group
leads to this exponential behavior [28]. We believe that
the results in our work will be confirmed in experiments
of ultracold gas.
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